Abstract. We construct smooth fiber bundles such that the fibers are exotic tori and the total space have finite abelian fundamental group. This gives examples of a Riemannian foliation on a closed manifold whose leaves are exotic tori and whose total space has finite abelian fundamental group.
It is not hard to see that given any smooth fiber bundle of smooth closed manifolds, we can put Riemannian metrics on its total and base spaces such that the projection map is a Riemannian submersion. Since any Riemannian submersion gives rises to a Riemannian foliation [9, Corollary 26 .12], we have the following corollary. Corollary 1.4. For any m ≥ 16, there exists a closed Riemannian manifold E of dimension m such that E admits a Riemannian foliation whose leaves are exotic tori and π 1 (E) has finite abelian fundamental group. Remark 1.5. Note that by [11, Section 15A] , there is an exotic torus in every dimension n > 4.
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Some calculations in homotopy groups
In this section, we prove some results on homotopy groups that we will need later in constructing the bundles. Given a smooth closed manifold M, let Diff(M) denotes the diffeomorphism group of M, Top(M) the homeomorphism group of M and G(M) the monoid of self homotopy equivalences of M. Respectively, let BTop(M), BDiff(M) and BG(M) be the corresponding classifying space. Moreover, let Top 0 (M) (resp. Diff 0 (M)) be the subgroup of Top(M) (resp. Diff(M)) consisting of all those homeomorphisms (resp. diffeomorphisms) of M which are homotopic to the identity map.
The following two results can be found for example in [3, Lecture 5] . For more general results, see [2, Section 4] . Theorem 2.1. Let T be a smooth manifold which is homeomorphic to the the n-dimensional torus with n ≥ 10, then for
and n is odd; 0 i ≥ 2 and n is even. 
The following theorem might be well-known to the experts, but we did not find it in the literature.
Theorem 2.3. Let T be a smooth manifold which is homeomorphic to the the n-dimensional torus with n ≥ 12.
Remark 2.3a. For a nilpotent group G, G ⊗ Q = 0 means that G is a torsion group.
Proof All the ingredients of the proof can be found in [1] . We first need Morlet's com-
and O(n) be the n-th orthogonal group. Given a smooth manifold M, the tangent bundle of M, regarded as a Euclidean vector bundle, has an associated (right) principle
acts on the left on the coset space Top(n)/O(n). We can form the balanced product
which is a fiber bundle over M with fiber Top(n)/O(n). The space of sections of B n (M) is denoted by Γ(B n (M)). Now Morlet's comparison theorem says, as long as dim(M) 4, there exists a map Top 0 (M)/Diff 0 (M) → Γ(B n (M)) which induces an injective correspondence of connected components and a weak homotopy equivalence on each component. Now we take M to be the exotic torus T, we have for i ≥ 1
As indicated at the end of [1, Section 4], the fiber Top(n)/O(n) is simply connected and
Note that here we do not need to assume n is odd as π i (D n , ∂) ⊗ Q = 0 for n even in the Igusa stable range [4] (see also [10,
. Now we apply [1, Lemma 3] by taking both fibration as B n (T), we have
Corollary 2.4. Let M be a smooth manifold which is homeomorphic to the the n-dimensional torus with n ≥ 12. Then the forgetful map f : BDiff(T) → BTop(T) induces rationally isomorphism in π 2 .
Proof By the long exact sequence of homotopy groups associated to the fibration
we only need to show π i (Top(T)/Diff(T)) ⊗ Q {0} for i = 1 and 2. This is proved in
Corollary 2.5. Let T be an exotic torus of dimension n ≥ 12 and I : BDiff(T) → BG(T) be the forgetful map. Then we can find based maps f i ∈ π 2 (BDiff(T)) for 1 ≤ i ≤ n, such that I * ( f i ) generates a finite index subgroup in π 2 (BG(T)).
Proof Note first that I is the composition of the following maps:
Now to calculate the homotopy groups of BTop(T), we do not need the smooth structure of T. Let T be the standard torus which T is homeomorphic to. Note that π 2 (BG(T ))
Thinking of T as the ndimensional flat torus (R n /Z n ), then we can realize the generators of π 1 (G(T )) as rotation along each factor R/Z in R n /Z n . In particular they are homeomorphisms. Let L denote the corresponding subgroup they generate in π 2 (BTop(T )) π 1 (Top(T )). L is a free abelian group of rank n. By Corollary 2.4, we can find maps f i ∈ π 2 (BDiff(T)) such thatī 1 * ( f i ) lies in L and generates a finite index subgroup in L. Hence I( f i ) generate a finite index subgroup in π 2 (BG(T)).
The following proposition also plays an important role in our construction of the bundle. Proof Note that in [7, Theorem A], Hilton calculated the homotopy groups for wedges of spheres. In our case, we have
where
is just the attaching map used in defining the Whitehead product. Now our map g considered as an element in π 3 ( 
Now since π 3 (X) ⊗ Q {0}, we also have f • g is of finite order. Let N be the order of
Proof of the main theorem
In this section, we prove our main theorem.
Recall that M is a simply connected 4-manifold such that H 2 (M, Z) Z n with n ≥ 12
and T is an exotic torus of dimension n. Note that a smooth bundle over M with fiber the n-dimensional exotic torus T is determined by a map F : M → BDiff(T) up to homotopy. We also have the following forgetful maps
This in turn induces maps
Note that the fundamental group of the total space E is determined by the compositioñ
. By Corollary 2.5, we can find maps f i ∈ π 2 (BDiff(T)) such that i
generate a finite index subgroup in π 2 (BG(T)). Now we can construct the map F from M to BDiff(T) as follows. Note that since our M is a simply connected 4-manifold, it has a cell decomposition (up to homotopy equivalence, see the proof of [6, Theorem1.2 .25]) with only one 0-cell, n 2-cells and one 4-cell, i.e. M is homotopy equivalent to such a cell complex.
We denote the attaching map
S 2 by g. We first define the map F on n i=1 S 2 using the maps f i ∈ π 2 (BDiff(T)). We are left to extend the map F to D 4 . Since F | ∂D 4 =S 3 is already defined, the map is extendable if and only if F | ∂D 4 =S 3 represents a trivial element in π 3 (BDiff(T)). But π 3 (BDiff(T)) π 2 (Diff(T)) which is rationally trivial by Theorem 2.1. Hence we can apply Proposition 2.6, up to change f i by N f i for some suitable N, we can assume F | ∂D 4 =S 3 represents a trivial element in π 3 (BDiff(T)). Thus we can extend F to D 4 and get a map F from M to BDiff(T).
We are left to show the total space of the bundle we have just constructed have finite abelian fundamental group. Note that for this, we only need the information of the map 
∂ η
Note that the map ∂ η on the lower sequence and the induced α 1 * : π 1 (T) → π 1 (T ) are isomorphisms. Moreover, we have the map α 2 * : π 2 (M) → π 2 (BG 0 (T)) is determined by the map α and the image of it in BG 0 (T) has finite index. Hence, we have the image of ∂ in π 1 (T) is a finite index subgroup. Since M is simply connected, we have π 1 (E) is a finite abelian group.
